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Abstract
In this paper, we construct two classes of permutation polynomials over Fq2 with odd characteristic
from rational Re´dei functions. A complete characterization of their compositional inverses is also
given. These permutation polynomials can be generated recursively. As a consequence, we can
generate recursively permutation polynomials with arbitrary number of terms. More importantly,
the conditions of these polynomials being permutations are very easy to characterize. For wide
applications in practice, several classes of permutation binomials and trinomials are given. With
the help of a computer, we find that the number of permutation polynomials of these types is very
large.
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1. Introduction
Let q = pk be the power of a prime number p, Fq be a finite field with q elements, and Fq[x]
be the ring of polynomials over Fq. We call f(x) ∈ Fq[x] a permutation polynomial over Fq if its
associated polynomial mapping f : c 7→ f(c) from Fq to itself is a bijection. It is well known that
every permutation on Fq can be expressed as a permutation polynomial over Fq.
Permutation polynomials over finite fields have been a hot topic of study for many years, and
have applications in coding theory [DH13, Lai07], cryptography[LM83, SH98, RSA78], combina-
torial designs [DY06], and other areas of mathematics and engineering. For example, Dickson
permutation polynomials of order five, i.e., D5(x, a) = x
5 + ax3 − a2x over finite fields, led to a
70-year research breakthrough in combinatorics [DY06], gave a family of perfect nonlinear functions
for cryptography [DY06], generated good linear codes [CDY05, YCD06] for data communication
and storage, and produced optimal signal sets for CDMA communications [DY07], to mention only
a few applications of these Dickson permutation polynomials. For more background material, infor-
mation about properties, constructions, and applications of permutation polynomials may be found
Email addresses: fushihui@amss.ac.cn (Shihui Fu), fengxt@amss.ac.cn (Xiutao Feng), ddlin@iie.ac.cn
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in [LN97, Chapter 7] and [MP13, Chapter 8]. For a detailed survey of open questions and recent
results we refer to see [Hou15].
Recently, Akbary, Ghioca and Wang derived the following useful criterion in studying permuta-
tion functions on finite sets. It first appeared in [AGW11] and further developed in [YD11], [YD14],
among others.
Lemma 1 (AGW Criterion). Let A, S and S¯ be finite sets with |S| = ∣∣S¯∣∣, and let f : A → A,
f¯ : S → S¯, λ : A→ S, and λ¯ : A→ S¯ be maps such that λ¯◦f = f¯ ◦λ (see the following commutative
diagram).
A
f
//
λ

A
λ¯

S
f¯
// S¯
If both λ and λ¯ are surjective, then the following statements are equivalent:
(i) f is a bijection from A to A (a permuation over A);
(ii) f¯ is a bijection from S to S¯ and f is injective on λ−1(s) for each s ∈ S.
For any function f(x) defined over A, Lemma 1 can be viewed piecewisely. Namely, let S =
{s0, s1, . . . , sℓ−1}, then we have
f(x) =


f0(x), if x ∈ C0 := λ−1(s0);
...
...
fi(x), if x ∈ Ci := λ−1(si);
...
...
fℓ−1(x), if x ∈ Cℓ−1 := λ−1(sℓ−1),
is a bijection if and only if f¯ is a bijection from S to S¯ and each fi is injective over Ci for 0 ≤ i ≤ ℓ−1.
In particular, if we take A = Fq \ {0} = 〈γ〉, ℓs = q− 1, ζ = γs, and λ = λ¯ = xs, then we obtain
the following commutative diagram.
Fq \ {0} f //
xs

Fq \ {0}
xs

S = {1, ζ, . . . , ζℓ−1} f¯ // S = {1, ζ, . . . , ζℓ−1}
This special case of AGW criterion was obtained earlier in [NW05] and [Wan07]. Namely, the
cyclotomic mapping polynomial
P (x) =


0, if x = 0;
A0x
r, if x ∈ C0 := 〈γℓ〉 ⊆ Fq \ {0} = 〈γ〉;
...
...
Aix
r, if x ∈ Ci := γiC0;
...
...
Aℓ−1xr, if x ∈ Cℓ−1 := γℓ−1C0,
(1)
is a permutation polynomial over Fq if and only if gcd(r, s) = 1 and f¯ permutes S = {1, ζ, . . . , ζℓ−1}.
Rewriting it in terms of polynomials leads to the following useful criterion.
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Corollary 1 (Park-Lee [LP97], Wang [Wan07], Zieve [Zie09]). Let q−1 = ℓs for some pos-
itive integers ℓ and s. Then P (x) = xrf(xs) is a permutation polynomial over Fq if and only if
gcd(r, s) = 1 and xrf(x)s permutes the set µℓ of all distinct ℓ-th roots of unity.
In this paper, we shall employ this corollary to derive two classes of permutation polynomials over
finite fields with odd characteristic. These permutation polynomials can be generated recursively.
Moreover, the conditions of these polynomials being permutations are very easy to characterize. As
a consequence, we can construct permutation polynomials with arbitrary number of terms. Finally,
several classes of permutation binomials and trinomials are given. A complete characterization
of their composiyional inverses is also given. Thus, this provides another two class permutation
polynomials over finite fields with odd characteristic.
The rest of this paper is organized as follows. In the next section, we recall some basic knowledge
about the Re´dei functions. In Section 3, two classes of permutation polynomials are presented. As
examples, several classes of permutation binomials and trinomials are also given in this section. The
compositional inverse functions of these permutation polynomials are discussed in Section 4.
2. Re´dei Functions
In this section, we present some basic results on the Re´dei functions that will be needed in the
sequel. Throughout this paper Fq is the finite field with odd characteristic p having q elements.
Let n be a positive integer, α ∈ Fq2 \ {0}, then we define the following polynomials over Fq2 .
Gn(x, α) =
⌊n
2
⌋∑
i=0
(
n
2i
)
αixn−2i,
Hn(x, α) =
⌊n
2
⌋∑
i=0
(
n
2i+ 1
)
αixn−2i−1.
The Re´dei function is a rational function over Fq2 defined as Rn(x, α) =
Gn(x,α)
Hn(x,α)
. It is easy to check
that
(x+
√
α)n = Gn(x, α) +Hn(x, α)
√
α, (2)
and
(x−√α)n = Gn(x, α)−Hn(x, α)
√
α. (3)
This allows us to generate the polynomials Gn(x, α) and Hn(x, α) recursively,
Gn(x, α) +Hn(x, α)
√
α = (x+
√
α)n
= (x+
√
α)n−1(x+
√
α)
=
(
Gn−1(x, α) +Hn−1(x, α)
√
α
)
(x+
√
α)
= (Gn−1(x, α)x +Hn−1(x, α)α) + (Gn−1(x, α) +Hn−1(x, α)x)
√
α.
Therefore, we have
G0(x, α) = 1, H0(x, α) = 0,
Gn(x, α) = Gn−1(x, α)x +Hn−1(x, α)α,
Hn(x, α) = Gn−1(x, α) +Hn−1(x, α)x,
(4)
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or in the matrix form [
Gn(x, α)
Hn(x, α)
]
=
[
x α
1 x
] [
Gn−1(x, α)
Hn−1(x, α)
]
=
[
x α
1 x
]n [
1
0
]
. (5)
There is a simple relationship between Re´dei functions and the Dickson polynomials of first
kind Dn(x, a). For a comprehensive survey on Dickson polynomials, we refer the readers to [LN97,
Chapter 7] and [LMT93]. The Dickson polynomial Dn(x, a) over Fq of first kind of degree n in the
indeterminate x and with parameter a ∈ Fq is given as
Dn(x, a) =
⌊n
2
⌋∑
i=0
n
n− i
(
n− i
i
)
(−a)ixn−2i.
It is well known that for any u1 ∈ Fq, u2 ∈ Fq and positive integer n, by Waring’s formula, it holds
that
un1 + u
n
2 = Dn(u1 + u2, u1u2).
Then by (2) and (3), we have
Gn(x, α) =
1
2
[
(x+
√
α)n + (x−√α)n]
=
1
2
Dn
(
x+
√
α+ x−√α, (x+√α)(x−√α))
=
1
2
Dn
(
2x, x2 − α) .
(6)
Moreover, when n is odd, we have
Hn(x, α) =
1
2
√
α
[
(x+
√
α)n − (x−√α)n]
=
1
2
√
α
[
(x+
√
α)n + (−x+√α)n]
=
1
2
√
α
Dn
(
x+
√
α− x+√α, (x+√α)(−x+√α))
=
1
2
√
α
Dn
(
2
√
α,α− x2) .
(7)
In fact, Hn(x, α) is a reversed Dickson polynomial (see more details in [HMSY09]).
The following well-known lemma is needed. Since the proof is short, we include it here for the
reader’s convenience.
Lemma 2. gcd(Gn(x, α),Hn(x, α)) = 1.
Proof. Suppose that gcd(Gn(x, α),Hn(x, α)) 6= 1. Then by equation (2), we have (x +
√
α) |
Gn(x, α) and (x +
√
α) | Hn(x, α), which is equivalent to Gn(−
√
α,α) = 0 and Hn(−
√
α,α) = 0.
Thus, Gn(−
√
α,α)−√α ·Hn(−
√
α,α) = 0.
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However,
Gn(−
√
α,α)−√α ·Hn(−
√
α,α)
=
⌊n
2
⌋∑
i=0
(
n
2i
)
αi
(−√α)n−2i −√α · ⌊
n
2
⌋∑
i=0
(
n
2i+ 1
)
αi
(−√α)n−2i−1
=
⌊n
2
⌋∑
i=0
(
n
2i
)
(−√α)2i (−√α)n−2i + (−√α) · ⌊
n
2
⌋∑
i=0
(
n
2i+ 1
)
(−√α)2i (−√α)n−2i−1
= (−√α)n

⌊
n
2
⌋∑
i=0
(
n
2i
)
+
⌊n
2
⌋∑
i=0
(
n
2i+ 1
)
= (−√α)n · 2n 6= 0,
which is a contradiction. The conclusion then follows. 
3. Two Classes of Permutation Polynomials over Fq2
In this section, we give the constructions of two classes of permutation polynomials derived from
polynomials Hn(x, α) and Gn(x, α). The characterization of being permutations of these construc-
tions are very simple. Besides, from last section we can see that these permutation polynomials
can be generated recursively. This, of course, is an advantage in practical applications. Finally, as
corollaries, we consider some special cases and construct some classes of permutation binomials and
trinomials.
3.1. General Constructions
In this subsection, we give the general constructions of two classes of permutation polynomials
over Fq2 with odd characteristic, which are presented in the next two theorems.
Theorem 1. Suppose n > 0 and m are two integers. Let α ∈ Fq2 satisfy αq+1 = 1. Then polynomial
P (x) = xn+m(q+1)Hn(x
q−1, α)
permutes Fq2 if and only if any one of the following conditions holds
1. when
√
α ∈ µq+1, gcd(n(n+ 2m), q − 1) = 1.
2. when
√
α /∈ µq+1, gcd(n + 2m, q − 1) = 1 and gcd(n, q + 1) = 1.
Proof. By Corollary 1, it is equivalent to prove that gcd(n+m(q + 1), q − 1) = 1 and
xn+m(q+1)Hn(x, α)
q−1
permutes µq+1. Below we assume that gcd(n+m(q+1), q−1) = 1, or equivalently gcd(n+2m, q−1) =
1. Note that this implies n is odd since q is odd.
Firstly, we show that Hn(x, α) has no roots in µq+1. Otherwise, suppose that there exist some
b ∈ µq+1 such that Hn(b, α) = 0. Then raising Hn(b, α) to the power of q and substituting bq = b−1
and αq = α−1 into it, we can obtain
Hn(b, α)
q =

⌊
n
2
⌋∑
i=0
(
n
2i+ 1
)
αibn−2i−1


q
=
⌊n
2
⌋∑
i=0
(
n
2i+ 1
)
α−ib−n+2i+1.
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Since n is odd, we can denote 2i′ = n− (2i + 1). The above equation can be reduced to
Hn(b, α)
q = b−nα−
n−1
2
⌊n
2
⌋∑
i′=0
(
n
2i′
)
αi
′
bn−2i
′
= b−nα−
n−1
2 Gn(b, α). (8)
This implies that Gn(b, α) = 0, which contradict to Lemma 2. Thus, Hn(x, α) has no roots in
µq+1, and similarly, Gn(x, α) has no roots in µq+1 as well. Hence, we have Hn(x, α) ∈ F∗q2 for any
x ∈ µq+1. It then implies that xn+m(q+1)Hn(x, α)q−1 ∈ µq+1 for any x ∈ µq+1. In the following, we
show that xn+m(q+1)Hn(x, α)
q−1, or equivalently xnHn(x, α)q−1 is injective over µq+1.
Suppose that there exist x, y ∈ µq+1 such that xnHn(x, α)q−1 = ynHn(y, α)q−1, then by (8), we
can derive that
xnHn(x, α)
q−1 = xn
Hn(x, α)
q
Hn(x, α)
= α−
n−1
2
Gn(x, α)
Hn(x, α)
. (9)
So xnHn(x, α)
q−1 = ynHn(y, α)q−1 if and only if
Gn(x, α)
Hn(x, α)
=
Gn(y, α)
Hn(y, α)
. (10)
Adding
√
α to the both sides of equation (10), then by (2), we can get
(x+
√
α)n
Hn(x, α)
=
(y +
√
α)n
Hn(y, α)
. (11)
Similarly, Adding −√α to the both sides of the equation (10), then by (3), we can get
(x−√α)n
Hn(x, α)
=
(y −√α)n
Hn(y, α)
. (12)
The remaining proof is divided into the following two cases depending on whether
√
α ∈ µq+1 or
not.
1.
√
α ∈ µq+1. Suppose x =
√
α, then by (12), we must have y =
√
α = x. The case of x = −√α
is identical. In the following, we always assume that x 6= ±√α and y 6= ±√α. By equations
(11) and (12), (
x+
√
α
y +
√
α
)n
=
Hn(x, α)
Hn(y, α)
=
(
x−√α
y −√α
)n
,
or equivalently, (
x+
√
α
x−√α
)n
=
(
y +
√
α
y −√α
)n
. (13)
Since
√
α ∈ µq+1, we have (
√
α)q = 1√
α
. Then
(
x+
√
α
x−√α
)q−1
=
(
x+
√
α
x−√α
)q (
x−√α
x+
√
α
)
=
1
x
+ 1√
α
1
x
− 1√
α
(
x−√α
x+
√
α
)
= −1.
This is to say, (
x+
√
α
x−√α
)q−1
= −1 =
(
y +
√
α
y −√α
)q−1
. (14)
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Finally, it is easy to see that xnHn(x, α)
q−1 is injective over µq+1 if and only if x = y,
or equivalently x+
√
α
x−√α =
y+
√
α
y−√α . By equations (13) and (14), this is possible if and only if
gcd(n, q − 1) = 1.
2.
√
α /∈ µq+1. Then x 6= ±
√
α and y 6= ±√α. We still have the following equation(
x+
√
α
x−√α
)n
=
(
y +
√
α
y −√α
)n
. (15)
Note that
√
α /∈ µq+1, we have (
√
α)q = − 1√
α
. Then
(
x+
√
α
x−√α
)q+1
=
(
x+
√
α
x−√α
)q (
x+
√
α
x−√α
)
=
1
x
− 1√
α
1
x
+ 1√
α
(
x+
√
α
x−√α
)
= −1.
This is to say, (
x+
√
α
x−√α
)q+1
= −1 =
(
y +
√
α
y −√α
)q+1
. (16)
Similarly as the case of
√
α ∈ µq+1, xnHn(x, α)q−1 is injective over µq+1 if and only if
x = y, or equivalently x+
√
α
x−√α =
y+
√
α
y−√α . By equations (15) and (16), this is possible if and only
if gcd(n, q + 1) = 1.
The proof is now completed. 
Remark 1. It is worth noticing that in [Zie13], the author gave two classes of permutation poly-
nomials over Fq2 by exhibiting classes of low-degree rational functions over Fq2 . The permutation
polynomials they exhibited can be also represented by Re´dei functions. The first class of permutation
polynomials is given as follows.
xn+m(q+1) · ((γxq−1 − β)n − γ(xq−1 − γqβ)n) ,
where β, γ ∈ Fq2 satisfy β ∈ µq+1 and γ /∈ µq+1. In fact, we can easy verify that the construction in
Theorem 1 is different from the construction presented by Zieve in [Zie13]. To see this, by equations
(2) and (3), we can obtain
Hn(x, α) =
(x+
√
α)n − (x−√α)n
2
√
α
.
Therefore, the permutation polynomial constructed in Theorem 1 can be presented in the following
form
xn+m(q+1) ·
(
(xq−1 +
√
α)n − (xq−1 −√α)n)
2
√
α
.
A direct observation show that the two constructions are distinct. We can also check that the con-
struction in Theorem 1 is also distinct from the second class of permutation polynomials constructed
by Zieve in [Zie13].
If we replace Hn(x, α) by Gn(x, α) in Theorem 1, we can obtain another class of permutation
polynomials over Fq2 . Since the proof is almost identical to the proof of Theorem 1, we present
directly the results as follows and omit the proof.
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Theorem 2. Suppose n > 0 and m are two integers. Let α ∈ Fq2 satisfy αq+1 = 1. Then polynomial
P (x) = xn+m(q+1)Gn(x
q−1, α)
permutes Fq2 if and only if any one of the following conditions holds
1. when
√
α ∈ µq+1, gcd(n(n+ 2m), q − 1) = 1.
2. when
√
α /∈ µq+1, gcd(n + 2m, q − 1) = 1 and gcd(n, q + 1) = 1.
Remark 2. For a given odd prime power q and an integer m, the number of n which satisfies the
conditions in Theorem 1 and 2 is very large. For instance, when q = 3k, 2 ≤ k ≤ 10 and m = 0,
with the help of a computer, we find that nearly half of the integers in the range [1, q− 1] satisfy the
condition gcd(n(n+ 2m), q − 1) = 1.
3.2. Permutation Binomials and Trinomials
From last subsection, for any odd n, we can construct or generate recursively permutation poly-
nomials with n+12 terms over Fq2 with odd characteristic. But for particular interesting, permuta-
tion polynomials with few terms, especially binomials and trinomials, over finite fields are an active
research due to their simple algebraic forms, additional extraordinary properties and their wide
applications in many areas of science and engineering. Therefore, in this subsection, we consider
some special cases. Some permutation binomials and trinomials are then given.
Let γ be a primitive element of Fq2 , then µq+1 = 〈γq−1〉. An element α ∈ µq+1 can be represented
as α = γl(q−1), 0 ≤ l ≤ q, and √α ∈ µq+1 if and only if l is even. Then by the recursive relations
(4) or (5), we have
G3(x, α) = x
3 + 3αx,
and
H3(x, α) = 3x
2 + α.
By Theorem 1 and 2, we obtain the following permutation binomials over Fq2 . Here we may
suppose that 3 ∤ q, otherwise, the polynomials constructed by G3(x, α) and H3(x, α) will become
the monomials, which are permutations over Fq2 if and only if the exponent d is coprime with q
2−1.
Corollary 2. Let q be an odd prime power with 3 ∤ q, m and l be two integers. Denote
P1(x) = x
m(q+1)+3q + 3γl(q−1)xm(q+1)+q+2
and
P2(x) = 3x
m(q+1)+2q+1 + γl(q−1)xm(q+1)+3.
Then
1. when l is even, the polynomials P1(x) and P2(x) permute Fq2 if and only if gcd(3(2m+3), q−
1) = 1.
2. when l is odd, the polynomials P1(x) and P2(x) permute Fq2 if and only if gcd(2m+3, q−1) = 1
and gcd(3, q + 1) = 1.
Specializing even further to the values m = q − 3, m = 1, or m = 0 yields the following
consequences.
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Corollary 3. Let q be an odd prime power with 3 ∤ q, and l be an integer. Denote
P1(x) = x
q−2 + 3γl(q−1)xq
2−q−1
and
P2(x) = 3x
q2−2 + γl(q−1)xq
2−2q.
Then
1. when l is even, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ 1 (mod 3).
2. when l is odd, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ −1 (mod 3).
Remark 3. Indeed, when m = q−2, we still have that gcd(2(q−2)+3, q−1) = gcd(2(q−1)+1, q−
1) = gcd(1, q − 1) = 1. Therefore, substituting m = q − 2 into Corollary 2, we obtain polynomials
P1(x) = x
2q−1 + 3γl(q−1)x
and
P2(x) = 3x
q + γl(q−1)xq
2−q+1.
The conclusions in Corollary 3 are still valid for the above polynomials P1 and P2.
Corollary 4. Let q be an odd prime power with 3 ∤ q, and l be an integer. Denote
P1(x) = x
4q+1 + 3γl(q−1)x2q+3
and
P2(x) = 3x
3q+2 + γl(q−1)xq+4.
Then
1. when l is even, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ 1 (mod 3)
and q 6≡ 1 (mod 5).
2. when l is odd, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ −1 (mod 3)
and q 6≡ 1 (mod 5).
Corollary 5. Let q be an odd prime power with 3 ∤ q, and l be an even integer. Then the polynomials
P1(x) = x
3q + 3γl(q−1)xq+2
and
P2(x) = 3x
2q+1 + γl(q−1)x3
permute Fq2 if and only if q 6≡ 1 (mod 3).
Continuing using the recursive relations (4) or (5), we have
G5(x, α) = x
5 + 10αx3 + 5α2x,
and
H5(x, α) = 5x
4 + 10αx2 + α2.
By Theorem 1 and 2, we obtain the following permutation trinomials over Fq2 .
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Corollary 6. Let q be an odd prime power with 5 ∤ q, m and l be two integers. Denote
P1(x) = x
m(q+1)+5q + 10γl(q−1)xm(q+1)+3q+2 + 5γ2l(q−1)xm(q+1)+q+4
and
P2(x) = 5x
m(q+1)+4q+1 + 10γl(q−1)xm(q+1)+2q+3 + γ2l(q−1)xm(q+1)+5.
Then
1. when l is even, the polynomials P1(x) and P2(x) permute Fq2 if and only if gcd(5(2m+5), q−
1) = 1.
2. when l is odd, the polynomials P1(x) and P2(x) permute Fq2 if and only if gcd(2m+5, q−1) = 1
and gcd(5, q + 1) = 1.
Similarly, we specialize further to the values m = q − 4, m = 1, or m = 0 obtain the following
consequences.
Corollary 7. Let q be an odd prime power with 5 ∤ q, and l be an integer. Denote
P1(x) = x
2q−3 + 10γl(q−1)xq
2−2 + 5γ2l(q−1)xq
2−2q
and
P2(x) = 5x
q−2 + 10γl(q−1)xq
2−q−1 + γ2l(q−1)xq
2−3q+1.
Then
1. when l is even, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ 1 (mod 5).
2. when l is odd, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ 4 (mod 5).
Remark 4. Similarly, when m = q − 3, we still have that gcd(2(q − 3) + 5, q − 1) = gcd(2(q −
1) + 1, q − 1) = gcd(1, q − 1) = 1. Therefore, substituting m = q − 3 into Corollary 6, we obtain
polynomials
P1(x) = x
3q−2 + 10γl(q−1)xq + 5γ2l(q−1)xq
2−q+1
and
P2(x) = 5x
2q−1 + 10γl(q−1)x+ γ2l(q−1)xq
2−2q+2.
The conclusions in Corollary 7 are still valid for the above polynomials P1 and P2.
Corollary 8. Let q be an odd prime power with 5 ∤ q, and l be an integer. Denote
P1(x) = x
6q+1 + 10γl(q−1)x4q+3 + 5γ2l(q−1)x2q+5
and
P2(x) = 5x
5q+2 + 10γl(q−1)x3q+4 + γ2l(q−1)xq+6.
Then
1. when l is even, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ 1 (mod 5)
and q 6≡ 1 (mod 7).
2. when l is odd, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ 4 (mod 5) and
q 6≡ 1 (mod 7).
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Corollary 9. Let q be an odd prime power with 5 ∤ q, and l be an integer. Denote
P1(x) = x
5q + 10γl(q−1)x3q+2 + 5γ2l(q−1)xq+4
and
P2(x) = 5x
4q+1 + 10γl(q−1)x2q+3 + γ2l(q−1)x5.
Then
1. when l is even, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ 1 (mod 5).
2. when l is odd, the polynomials P1(x) and P2(x) permute Fq2 if and only if q 6≡ 1, 4 (mod 5).
Similarly as above permutation binomials and trinomilas, in fact, by the relations (4) or (5), we
can generate recursively permutation polynomials with arbitrary number of terms. For instance, if
p ∤
(
n
2i
)
for 0 ≤ i ≤ n−12 , then both the two classes of permutation polynomials xn+m(q+1)Gn(xq−1, α)
and xn+m(q+1)Hn(x
q−1, α) consist of n+12 terms over Fq2 .
4. Compositional Inverse Functions
In this section, we consider the compositional inverses of the two classes of permutation poly-
nomials constructed in last section.
Now we return to the cyclotomic mapping polynomial defined as (1), then the class of permu-
tation polynomials xn+m(q+1)Hn(x
q−1, α) in Theorem 1 can be rewritten as
P (x) =
{
0, if x = 0,
Aix
n+m(q+1), if x ∈ Ci = {γk(q+1)+i : k = 0, 1, . . . , q − 2}, 0 ≤ i ≤ q,
where Ai = Hn(γ
(q−1)i, α). Let γ be a primitive element of Fq2 and ω = γq−1. Then, for any x ∈ Ci,
it is easy to check that
1
q + 1
q∑
l=0
(
xq−1
ζj
)l
=
1
q + 1
q∑
l=0
ζ l(i−j) =
{
0, if i 6= j,
1, if i = j.
Then the class of permutation polynomials xn+m(q+1)Hn(x
q−1, α) in Theorem 1 can be uniquely
represented as
P (x) =
1
q + 1
q∑
i=0
Aix
n+m(q+1)

 q∑
j=0
(
xq−1
ζ i
)j
=
1
q + 1
q∑
i,j=0
Aiζ
−ijxn+m(q+1)+(q−1)j (mod xq
2 − x).
The compositional inverse can then be determined easily by the Theorem 3.3 in [ZYZP16] or The-
orem 1 in [Wan17].
P−1(x) =
1
q + 1
q∑
i,j=0
ζt1i−(n+m(q+1))ij
(
x
Ai
)r′1+(q−1)j
(mod xq
2 − x), (17)
where r′1, t1 ∈ Z satisfy (n+m(q + 1))r′1 + (q − 1)t1 = 1.
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Similarly, we can obtain the compositional inverse of the class of permutation polynomials in
Theorem 2.
P−1(x) =
1
q + 1
q∑
i,j=0
ζt2i−(n+m(q+1))ij
(
x
Bi
)r′2+(q−1)j
(mod xq
2 − x), (18)
where r′2, t2 ∈ Z satisfy (n+m(q + 1))r′2 + (q − 1)t2 = 1, and Bi = Gn(γ(q−1)i, α).
From (17) and (18), both the compositional inverses of the two classes of permutation polyno-
mials consist of q + 1 terms, and each of the coefficients is a sum of q + 1 elements. When q is
very large, the computing of their compositional inverses is very inefficient. In the following we
shall give another form of their compositional inverses, which have a relative simpler form. The
following lemma is needed. The original statement is due to Li et al. [LQW17], here we make a
slight modification to apply to our constructions.
Lemma 3. Suppose that P (x) = xrf(xq−1) is a permutation polynomial over Fq2, and gcd(r, q2 −
1) = 1. Let I(x) be the compositional inverse of the polynomial xrf(x)q−1 over µq+1, and r′ be an
integer such that rr′ ≡ 1 (mod q2− 1). Then the compositional inverse of P (x) over Fq2 is equal to
P−1(x) =
(
xq
2−q+1f
(
I
(
xq−1
))q−2)r′
I
(
xq−1
)
.
Proof. It is sufficient to show that for any x ∈ Fq2 , it holds that P−1(P (x)) = x.
When x = 0, we can easily see that P−1(0) = 0. Hence, P−1(P (0)) = P−1(0) = 0.
When x 6= 0, then P (x) 6= 0. So we can easily obtain P (x)q−1 ∈ µq+1, and check that
I
(
P (x)q−1
)
= I
(
xr(q−1)f
(
xq−1
)q−1)
= I
((
xq−1
)r
f
(
xq−1
)q−1)
= xq−1.
Therefore,
P−1(P (x)) =
(
P (x)q
2−q+1f
(
I
(
P (x)q−1
))q−2)r′
I
(
P (x)q−1
)
=
(
xr(q
2−q+1)f
(
xq−1
)q2−q+1
f
(
xq−1
)q−2)r′
xq−1
= xq
2
f
(
xq−1
)r′(q2−1)
= xf
(
xq−1
)r′(q2−1)
.
Note that x 6= 0, then xq−1 ∈ µq+1. Since P (x) = xrf(xq−1) is a permutation polynomial over Fq2 ,
then by Corollary 1, we must have that xrf(x)q−1 permutes µq+1. This implies that f
(
xq−1
) 6= 0.
We further obtain that f
(
xq−1
)q2−1
= 1. Therefore, P−1(P (x)) = x.
This completes the proof. 
Next we computer the compositional inverse function of xnHn(x, α)
q−1 over µq+1. For the sake
of convenience, let r′ be an integer such that (n+m(q+1))r′ ≡ 1 (mod q2− 1). Then by equations
(9), (6) and (7), we have
xnHn(x, α)
q−1 = α−
n−1
2
Gn(x, α)
Hn(x, α)
= α−
n−1
2
1
2 ((x+
√
α)n + (x−√α)n)
1
2
√
α
((x+
√
α)n − (x−√α)n)
= α−
n
2
+1 (x+
√
α)n + (x−√α)n
(x+
√
α)n − (x−√α)n .
(19)
Below we distinguish two cases according to whether
√
α ∈ µq+1 or not.
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1.
√
α ∈ µq+1. First we need to verify the hypotheses of Lemma 3, namely that gcd(n +m(q +
1), q2 − 1) = 1. This is equivalent to gcd(n + m(q + 1), q − 1) = gcd(n + 2m, q − 1) = 1
and gcd(n +m(q + 1), q + 1) = gcd(n, q + 1) = 1. Therefore, we additionally suppose that
gcd(n, q + 1) = 1.
If x =
√
α, then by equation (19), we have (
√
α)nHn(
√
α,α)q−1 = α−
n
2
+1. So the preimage
of α−
n
2
+1 is equal to
√
α. Similarly, the preimage of −α−n2+1 is equal to −√α.
If x 6= ±√α, then we have
xnHn(x, α)
q−1 = α−
n
2
+1
(
x+
√
α
x−√α
)n
+ 1(
x+
√
α
x−√α
)n
− 1
= l2(x) ◦ xn ◦ l1(x),
where l1(x) =
x+
√
α
x−√α , l2(x) = α
−n
2
+1x+ 1
x− 1 are linear fractional transformations. From
equation (14), we know that l1(x) ∈ µ2(q−1). Note that gcd(n, 2(q − 1)) = gcd(n, q − 1) = 1,
then xn permutes µ2(q−1). Hence we can easily obtain the compositional inverse I1(x) of
function xnHn(x, α)
q−1: µq+1 \ {
√
α,−√α} → µq+1 \ {α−n2+1,−α−n2+1},
I1(x) = l
−1
1 (x) ◦ xn1 ◦ l−12 (x) =
√
α ·
(
α
n
2
−1x+ 1
)n1
+
(
α
n
2
−1x− 1
)n1
(
α
n
2
−1x+ 1
)n1 − (αn2−1x− 1)n1 ,
where n1 is an integer such that nn1 ≡ 1 (mod 2(q − 1)).
Then, a straightforward calculation yields that I1(α
−n
2
+1) =
√
α, I1(−α−n2+1) = −
√
α.
This implies that the compositional inverse of xnHn(x, α)
q−1 over µq+1 is equal to I1(x). By
Lemma 3, the compositional inverse of P (x) = xn+m(q+1)Hn(x
q−1, α) over Fq2 is equal to
P−1(x) = xr
′(q2−q+1)Hn
(
I1(x
q−1), α
)r′(q−2)
I1(x
q−1).
2.
√
α /∈ µq+1. From gcd(n + 2m, q − 1) = gcd(n + m(q + 1), q − 1) = 1 and gcd(n, q + 1) =
gcd(n + m(q + 1), q + 1) = 1, we can obtain gcd(n + m(q + 1), q2 − 1) = 1. Noticed that
±√α /∈ µq+1, then almost identically to case 1, we can obtain the compositional inverse of
xnHn(x, α)
q−1 over µq+1 is equal to
I2(x) = l
−1
1 (x) ◦ xn2 ◦ l−12 (x) =
√
α ·
(
α
n
2
−1x+ 1
)n2
+
(
α
n
2
−1x− 1
)n2
(
α
n
2
−1x+ 1
)n2 − (αn2−1x− 1)n2 ,
where n2 is an integer such that nn2 ≡ 1 (mod 2(q + 1)). In this case the compositional
inverse of P (x) = xn+m(q+1)Hn(x
q−1, α) is equal to
P−1(x) = xr
′(q2−q+1)Hn
(
I2(x
q−1), α
)r′(q−2)
I2(x
q−1).
We know that every permutation on Fq2 can be expressed as a permutation polynomial over
Fq2 . Indeed we can express the compositional inverse permutation P
−1(x) as a polynomial over Fq2 .
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Now let’s look at the function I1(x). By (19), we have that
I1(x) =
√
α ·
(
α
n
2
−1x+ 1
)n1
+
(
α
n
2
−1x− 1
)n1
(
α
n
2
−1x+ 1
)n1 − (αn2−1x− 1)n1
=
√
α ·
(
α
n−1
2 x+
√
α
)n1
+
(
α
n−1
2 x−√α
)n1
(
α
n−1
2 x+
√
α
)n1 − (αn−12 x−√α)n1
= α
1
2α
n1
2
−1
(
α
n−1
2 x
)n1
Hn1
(
α
n−1
2 x, α
)q−1
= α
nn1−1
2 xn1Hn1
(
α
n−1
2 x, α
)q−1
.
For the function I2(x), note that nn2 ≡ 1 (mod 2(q + 1)), then we have α
nn2−1
2 = 1. Therefore,
I2(x) = x
n2Hn2
(
α
n−1
2 x, α
)q−1
.
We summarize the preceding discussion as the following theorems.
Theorem 3. Suppose n > 0 and m are two integers. Let α ∈ Fq2 satisfy αq+1 = 1, and r′ be an
integer such that (n+m(q + 1)) r′ ≡ 1 (mod q2 − 1). Define polynomial
P (x) = xn+m(q+1)Hn(x
q−1, α).
Then the following statements hold.
1. When
√
α ∈ µq+1, gcd(n(n+2m), q − 1) = 1 and gcd(n, q +1) = 1, the compositional inverse
function of P (x) over Fq2 is equal to
P−1(x) = xr
′(q2−q+1)Hn
(
I1(x
q−1), α
)r′(q−2)
I1(x
q−1),
where
I1(x) = α
nn1−1
2 xn1Hn1
(
α
n−1
2 x, α
)q−1
=
√
α ·
(
α
n
2
−1x+ 1
)n1
+
(
α
n
2
−1x− 1
)n1
(
α
n
2
−1x+ 1
)n1 − (αn2−1x− 1)n1 ,
and n1 is an integer such that nn1 ≡ 1 (mod 2(q − 1)).
2. When
√
α /∈ µq+1, gcd(n + 2m, q − 1) = 1 and gcd(n, q + 1) = 1, the compositional inverse
function of P (x) over Fq2 is equal to
P−1(x) = xr
′(q2−q+1)Hn
(
I2(x
q−1), α
)r′(q−2)
I2(x
q−1),
where
I2(x) = x
n2Hn2
(
α
n−1
2 x, α
)q−1
=
√
α ·
(
α
n
2
−1x+ 1
)n2
+
(
α
n
2
−1x− 1
)n2
(
α
n
2
−1x+ 1
)n2 − (αn2−1x− 1)n2 ,
and n2 is an integer such that nn2 ≡ 1 (mod 2(q + 1)).
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Similarly, we can also obtain the compositional inverses of permutation polynomials constructed
in Theorem 2.
Theorem 4. Suppose n > 0 and m are two integers. Let α ∈ Fq2 satisfy αq+1 = 1, and r′ be an
integer such that (n+m(q + 1)) r′ ≡ 1 (mod q2 − 1). Define polynomial
P (x) = xn+m(q+1)Gn(x
q−1, α).
Then the following statements hold.
1. When
√
α ∈ µq+1, gcd(n(n+2m), q − 1) = 1 and gcd(n, q +1) = 1, the compositional inverse
function of P (x) over Fq2 is equal to
P−1(x) = xr
′(q2−q+1)Gn
(
I3(x
q−1), α
)r′(q−2)
I3(x
q−1),
where
I3(x) = α
n1+
nn1+1
2 xn1Gn1
(
α
n+1
2 x, α
)q−1
=
√
α ·
(
α
n
2 x+ 1
)n1 − (αn2 x− 1)n1(
α
n
2 x+ 1
)n1
+
(
α
n
2 x− 1
)n1 ,
and n1 is an integer such that nn1 ≡ 1 (mod 2(q − 1)).
2. When
√
α /∈ µq+1, gcd(n + 2m, q − 1) = 1 and gcd(n, q + 1) = 1, the compositional inverse
function of P (x) over Fq2 is equal to
P−1(x) = xr
′(q2−q+1)Gn
(
I4(x
q−1), α
)r′(q−2)
I4(x
q−1),
where
I4(x) = α
n2+1xn2Gn2
(
α
n+1
2 x, α
)q−1
=
√
α ·
(
α
n
2 x+ 1
)n2 − (αn2 x− 1)n2(
α
n
2 x+ 1
)n2
+
(
α
n
2 x− 1
)n2 ,
and n2 is an integer such that nn2 ≡ 1 (mod 2(q + 1)).
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